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1. Subject 
This article is a continuation of the preceding one named “ Mathematics of a watch escapement”,  
(www.hsn161.com/HSN/Petrangeli2.pdf) whose introduction has been published on HSN Newsletter, 
Issue 2017-3, July 2017. This previous article was devoted to the mathematical model of the well 
known Swiss Lever Watch Escapement. 
The subject here is a similar study of the Coaxial Escapement, patented by George Daniels (see 
Appendix  1). Reference will be frequently made to the previous article as well as to the text of the 
patent request (Appendix 1). Main References are those of the previous article. Numerical data, if not 
taken from Appendix 1, are the same as those of the previous article. 
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               Figure 1. Scheme of the escapement (from Fig. 1 of Appendix 1) 

 
2. Method used 
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The method proposed here is the same as in the previous article and  consists in arbitrarily, yet with 
justification, splitting the mathematical model into two parts: 
 

- The first part studies the movement of the three main parts of the escapement (Balance, Anchor and 
Escape Wheel) neglecting any friction loss and also the impulses received by the Balance from the 
Anchor. This first part can be named “basic model”. 

- The second part studies energy losses (due to friction and other main effects) and energy gains (due 
ultimately to the action of the power spring) of the balance, as small perturbations of the basic model. 

 
This procedure is justified by the very small entity of the Balance energy losses and gains as compared with the  
energy (kinetic plus spiral spring stored energy) of the Balance itself; the results of the “basic model” 
give a good approximation of the escapement motion, while the study of energy gains and losses of the 
Balance (second part of the model) serves to refine the overall result and, in particular, to determine the exact 
value of the amplitude of the Balance oscillation. An approximate value of this amplitude has to be initially 
“assumed” in the “basic model” on the basis of normally used values in the watch design practice. 
This method, I believe, makes the treatment of the problem rather simple and versatile, yet sufficiently 
accurate for practical uses.  
 

3. Balance movement 
 
Under the assumptions listed in Section 2, the equation of the Balance movement is, simply:  
 
                                                                
                                                                      �̈�𝜽 +𝝎𝝎𝟎𝟎

𝟐𝟐  𝜽𝜽 = 𝟎𝟎                               (1) 
 
 
 Where: 
              𝝑𝝑       is the Balance angle measured counter-clockwise from    

𝑂𝑂3𝑂𝑂1
�⎯⎯�   

              𝜔𝜔0     is the own rotational speed of the Balance (= 2𝜋𝜋/𝑇𝑇), 15.708 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠  

               T       is the own oscillation period of the Balance (=2𝜋𝜋�𝐽𝐽 𝑏𝑏 /𝐾𝐾 ),    0.4  [s] 

 
The solutions of equation (1) for θ and �̇�𝜃 are: 
 
                                                                                                   θ=θ0 sin ( ω0 t )                     (2) 
                                                                                                                                                     
 
                                                                                                   �̇�𝜃= ω0 θ0 cos ( ω0 t )             (3) 
               
 Where:  
               θ0 is the amplitude of the oscillation of the Balance which is initially assumed equal to 270° (= 3/2 π                                                 
                [rad] = 4.7124 [rad] 
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                t is the time [s] 
 
        
 
The spreadsheet results for equations (2) and (3) are shown in Fig. 2. The first and the second columns show 
the time t[s] with two different starting points: in the first column the time runs from 0 at the position θ=0 of 
the balance, while in the second column the time assumes the 0 value at the impact of the Jewel Pin  against 
the Anchor fork towards left, 40° (Fig.1). The second column is the one used to draw the graph of the Balance 
oscillation. 
The graph in Fig. 2 would be very slightly altered (and in a measure which could be drawn with difficulty in one 
sheet of paper) if the impulses originated by the Wheel and Anchor were considered. 

 

Fig. 2 – Balance movement as calculated in the “basic Model” 

 

The points marked by a number in a circle in Fig.2 have the following meaning: 

1- Start unlocking from left tooth of the Wheel 
2- Contact with the Anchor central pallet 
3- Start of free anticlockwise balance run 

 
4- Start unlocking from right tooth of the Wheel 
5- Contact with the balance pallet 
6- Start of free clockwise balance run 

 
The results (spreadsheet) of this section are one of the basis for calculation of the Wheel  movement in the 
next Section. 
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4 -Wheel movement 

The Wheel movement starts with the unlocking of its blocked tooth at left from the left locking anchor pallet 
(20 in Fig.1). The unlocking superposition between tooth and pallet is measured from drawings equal to 0.3 
mm; the radius of rotation of the Anchor around O2 is measured equal to 16.8mm. The angle of rotation of the 
Anchor during unlocking is, then, 
                                                   ∝𝑢𝑢 𝐴𝐴= 0.3

16.8
= 0.018 𝑟𝑟𝑟𝑟𝑟𝑟 = 1.023° 

The corresponding rotation of the Balance is then 
 
                                                 𝜃𝜃𝑢𝑢𝑢𝑢 = 1.29 ∗ 0.018 = 0.023 𝑟𝑟𝑟𝑟𝑟𝑟 = 1.33° 
Since the ratio between Balance and Anchor rotation angles is 1.29 when the Jewel Pin  (JP 18 ) and the Anchor 
fork are in contact. 
Since the rotational speed of the Balance is, at the same time, equal to 73.2 rad/s, the duration of the 
unlocking is 
                                                       ∆tu=0.023

73.2
= 0.0003 𝑠𝑠 

 
The rotation of the Wheel during unlocking is with a good approximation, equal to 0 (no recoil in this 
escapement). 
After unlocking of a Wheel tooth, the following  Small Wheel tooth  “falls” on the Anchor pallet in a time step 
which can be calculated by the constant acceleration motion of the Wheel under the action of the power spring 
of the escapement. 
The angle between two adjacent Wheel teeth is equal to 360/12=30°=0.5236 rad. The “fall” angle on the 
Anchor pallet is about one half of 30°. 
The Wheel motion equation during this “fall” is, then: 

                               90.48 × 103 ×
∆𝑡𝑡𝑓𝑓

2

2
= 0.5236/2 

Since the rotational speed at the start of the movement is 0. 
 90.8x103 is the value of Cw/Jgt (see symbols and Reference Petrangeli 2) 
This equation gives, for the duration of the “fall” the figure of 0.0024 s. 
The impulse (time and angle) from the Anchor pallet can be calculated on the basis of data taken from 
drawings: impulse angle of the Anchor pallet (Wheel) is measured equal to 5.8° = 0.1 [r] (Fig. 2 of the Appendix 
at the end of this article); the corresponding  Balance angle is equal to 5.8° x 1.29 = 7.5 °; from Fig.2 the 
corresponding rotation speed is 72.6 [r/s] and, therefore, the impulse time is ∆tup= 0.13[r]/72.6[r/s] = 0.0018 
[s]; the time at the end of this unlock phase is tup= 0.0027+0.0018=0.0045 [s] . 
The subsequent fall on the right Anchor pallet has  a duration of 0.0018 [s] (a little less than 0.0024 [s] of the 
previous fall, due to the already made 5.8° during impulse) and the final time at contact and stop of Wheel is 
0.0063 [s]. 
The stop of the Wheel on the right Anchor pallet lasts (by approximation from table in Fig. 2) 0.17 [s]. The time 
at which the unlock from the right Anchor pallet starts is, then, 0.1763 [s]. 
The duration of the unlock is assumed equal (assumption of symmetry) to that from the left Anchor pallet ( = 
0.0003 [s]); the overall elapsed time is, then, tur= 0.1766 [s].  
The Wheel now rotates by 15° until a tooth of the large Wheel falls  on the Balance pallet; this rotation time is 
again  ∆t=0.0024 [s]; overall time is then tb,p=0.179[s]. 
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The impulse angle for the Balance is roughly 0.218 [r] = 12.5° and theimpulse time is, with the speed taken 
from Fig. 2, ∆u,b=0.218/73.11=0.003 [s]; tu,b= 0.182 [s]. The Wheel rotates 6.3° during impulse.The subsequent 
(15-6.3)=8.7 [°] fall on the left Anchor pallet takes 0.0014 [s] and tl,p=0.1834[s]. 
The Wheel then stops until the time of 0.4 [s] is reached (end of the oscillation period). 
Figure 3 shows the table and the graph of the above described  Wheel movement. 

 
 
 
 
                   
                                                                            Fig.3 Movement of the Wheel 
 
 
 
 
 
 
 
5- Balance Energy considerations  
 
5.1 - Energy of the Balance  
This quantity is equal to the maximum Kinetic energy of the Balance at zero amplitude angle (= 0°):  

𝐸𝐸𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐𝑐𝑐 =
1
2

𝐽𝐽𝑏𝑏𝜔𝜔𝑏𝑏𝑐𝑐𝑐𝑐𝑐𝑐
2 = 0.5 ∗ 2 10−6 74.02242 = 

                                                         =5∗10-1∗2∗10-6∗5.48∗103=54.8∗10-4=5.48∗10-3 [N mm]  
This quantity is reproduced here as a reference for energy losses and gains of the Balance. 
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The same approach as in [Petrangeli2] is here used. Some parts are omitted because of small importance in the 
energy balance. 
 
5.1 Energy lost during left unlock (friction)  
 
This energy is calculated by the friction work done by Wheel tooth – left pallet, which is essentially equal to the 
work done by the Jewel Pin on the fork face.  
 

𝐸𝐸𝑙𝑙,𝑙𝑙𝑢𝑢 =  
𝐶𝐶𝑤𝑤

𝑅𝑅1
 × 𝑓𝑓 × 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(𝑓𝑓𝑟𝑟𝑙𝑙𝑓𝑓 𝑟𝑟𝑟𝑟𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) =

2.287 × 10−3

2.728
× 2 × 10−1 × 2 × 10−2 = 3.36 × 10−6 [𝑁𝑁 𝑓𝑓𝑓𝑓] 

 
 
 
 

For one period, then (assuming symmetry for sake of simplicity): 
                                                                  
                                                               𝐸𝐸𝑙𝑙,𝑙𝑙𝑢𝑢 =2*3.36*10-6= 6.72*10-6 [Nmm] 

 

                                                              El,lu/Ecbmax = 0.123% 

 

The force exerted by the Wheel on the Anchor is equilibrated (because of the geometry of the escapement) by 
the reaction force of the staff in O2 and essentially no force is exerted by the Anchor fork on the Balance Jewel 
Pin because of the Wheel push; consequently, no friction loss exists in the Balance staff O3 in this phase (except 
for the Balance weight which is a function of the watch position with respect to a vertical axis and of possible 
accelerations). Anchor inertia is considered practically zero. 

 

5.2- Energy gained during impulse to  Anchor central pallet 

The angle of rotation of the Wheel during this phase  (αcp) is (from drawings): 0.1 [r] =5.8°. 

The energy gain is equal to the work done by the Wheel during this impulse: 

Eg,cp= Cw* αcp= 2.287*10-3 * 0.1 = 2.287*10-3 * 1*10-1 = 2.287 *10-4 [N mm] = 4.2% of the total Balance energy, 
Ecbmax 

No Balance energy is lost because the friction force at contact is equilibratred by the reaction in O2. 

5.3- Energy gained during impulse to  Balance pallet 

Eg,bp = Cr*(1.28/2.728) *θbp= 2.287*10-3 * 0.47*0.218 (from drawings) =2.287*10-3*4.7*10-1 *2.18*10-1= 2.3*10-

4 [N mm]   =4.28% of the total Balance energy, Ecbmax 
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5.4- Energy lost by friction in the Balance staff 

This energy is in part due to the force acting on the Balance staff during impulse to  Balance pallet (Sec.5.3) and 
in part to the weight of the balance (supposed in a vertical position for one half of the time, as in [Petrangeli2], 
although a more realistic value has normally to be chosen according to the specific use and movements of the 
watch). 

El, bs= (Cr/R1 *θbp+5.95*10-4*(270*2/57.2958)) * f * R= ((2.287 *10-3/2.728)*.218+ 5.95*10-4*9.42)*0.15*0.1= 

=(1.8*10-4+5.6*10-3)*1.5*10-1*10-1= 8.7*10-5 =1.6% of Ecbmax 

 

 

 

6. Summary of energy balance (for one period) and consequences 

 

Energy loss or gain in one balance oscillation period (0.4 s) 
                                        [N mm] 

Loss Gain Percentage 
of Balance 
energy 

Energy lost during left unlock (friction)  6.72*10-6  = 6.72*10-6 
/5.48 10-3= 

0.123% 
Energy gained during impulse to Anchor central pallet 
Energy gained during impulse to Balance pallet 

  2.287 *10-4 
2.3*10-4 

 4.2% 
4.28% 

 
Energy lost by friction in the Balance staff 8.7*10-5  1.69% 
    
TOTAL 9.37*10-5 4.52 *10-4  
∆E=Difference = 3.66*10-4   6.7% 
    
 

∆ E =1/2 Jb(ω2
w2-ω2

w1);       ω2
w2= 2*3.66* 10-4/2 10-6+74.02242=365+5479=5844 [/s2] ;  ωw2=76.45 [/s] 

 
dθ0=dωwmax/ω0=(76.45-74.0224)/15.708= 0.15 [r]  =8.84° 
 
 
 
It can be concluded, with the possibility to perform more precise calculations as indicated above, that the 
Balance will adjust, in this case, to a maximum angle of oscillation different  from the initially assumed one. 
 
 
For clarity, the change of Balance amplitude of oscillation can compensate moderate unbalances in energy 
losses and gains. The energy loss is, in fact, essentially proportional to Balance amplitude, while energy gain is 
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not (fixed position of Banking Pins). Similarly, any moderate change in the power couple Cw can be 
compensated by a change of Balance oscillation amplitude. Moreover, any moderate change in oscillation 
amplitude does not affect oscillation period. This escapement too, then, is self-adjusting in front of energy 
unbalances ( which can be originated by unbalances between Balance energy losses and gains or by insufficient 
watch motive power). 
 
 
 
7. Quality factor 
 
 

                                                         𝑄𝑄 = 𝜋𝜋 𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑣𝑣𝑣𝑣𝑏𝑏𝑠𝑠𝑐𝑐𝑡𝑡𝑣𝑣𝑠𝑠𝑣𝑣 𝑠𝑠𝑣𝑣𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒(𝑢𝑢𝑐𝑐𝑙𝑙𝑐𝑐𝑣𝑣𝑐𝑐𝑠𝑠)
𝑣𝑣𝑣𝑣𝑏𝑏𝑠𝑠𝑐𝑐𝑡𝑡𝑣𝑣𝑠𝑠𝑣𝑣 𝑠𝑠𝑣𝑣𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒 𝑙𝑙𝑠𝑠𝑠𝑠𝑡𝑡 𝑏𝑏𝑒𝑒 ℎ𝑐𝑐𝑙𝑙𝑎𝑎 𝑐𝑐𝑒𝑒𝑐𝑐𝑙𝑙𝑠𝑠

= 𝜋𝜋 5.48∗ 10−3

4.685∗10−5 =  367 

 

 

 

 
8. Final Considerations emerging from the preceding treatment  
 
The escapement here studied has some advantages over the one (Swiss Lever Escapement) examined in 
[Petrangeli2]. In particular, the impulse transmitted to the Balance through the Anchor and the Balance pallet, 
entails  no (significant)simultaneous Balance energy loss: almost all the lost energy during impulses  is supplied 
here by the main spring power. One consequence of this fact is that almost no lubrication is needed in the 
interacting impulse surfaces. Lubrication, however, appears to be needed in the staff of the Balance and 
Anchor.  The total Balance energy loss in one period is also lower  than in the Swiss lever escapement for the 
same total Balance oscillation amplitude. 
The advantages of the Swiss lever escapement are preserved in the coaxial escapement. 
 

   

 

 
SYMBOLS USED AND DATA 
 
 
  
BP, Banking Pins  
Ch, viscous hydrodynamic couple on Balance staff  
Cw, Couple transmitted to the Wheel by the Gear Train, 2.287*10-3 [N mm] [form [Vermot] CD, Data] 
Eg,bp energy gained during unlock from Balance pallet 
El,bs energy lost by friction in the Balance staff 
Eg,cp energy gained during unlock from Anchor central pallet  
Ei , energy transmitted from Wheel to Anchor and to Balance during the impulse phase  
El,f energy lost in the Balance and Anchor staffs for each Balance oscillation period  
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El,lu energy lost during left unlock (friction) 
f, friction coefficient between Wheel tooth and Anchor pallet during unlocking (= 0.2)  
Ft, tangential force transmitted from the Wheel to the Anchor pallet [N]  
JP, Balance Jewel Pin, Fig. 1  
Ja, moment of inertia (mass) of Anchor , 1.02 10-8

 [N mm s2]  
Jb , moment of inertia (mass) of Balance, 2 10-6

 [N mm s2]   
Jgt, moment of inertia (mass) of the Wheel plus Gear Train, 2.53 10-8

 [N mm s2] 
Jewel Pin D: pin of the balance which impacts on the anchor fork, Fig. 1         
K, rotational elastic constant of the Balance spiral spring, 5.03 10-4

 [N mm /rad] 
 Lock: term used by horologists for the penetration, in a lever escapement, of the escape-wheel tooth  on the 
pallet-stone [mm] 
Mb, Weight of the Balance, (59.5 mg)  
O1, O2, O3, Centers of rotation of Wheel, Anchor and Balance (Fig. 1)  
O1O2, segment of length 3 [mm]  
O2O3, segment of length 2.7 [mm]  
𝑂𝑂3 𝑂𝑂1 → Oriented vector for the reference abscissa of equation (1)  
R, radius of the Balance staff tip, 0.1 mm 
Ra , distance between O2 and left unlock contact point, 0.683 [mm]  
Rbp,radius of Balance at contact of its pallet=1.28 [mm]                                                                                                                                      
R1, radius of the contact point of large Wheel and Anchor pallets with center O1, 2.728 [mm]  
T, own period of Balance oscillation, 0.4 [s]  
α, angle of rotation of Wheel starting anticlockwise from the block left position, ( Fig. 1)  
αc , angle ( as seen from O1 of the impulse to the Anchor pallet (3.7° from drawing, Fig.2 App.1)   
θ, oscillation angle of the Balance, positive in counter-clockwise direction 
θbp, impulse angle of the Balance pallet =0.218 [r]=12.5°  
θlu, rotation of balance during left unlock, 0.021 [r] 
θ0 , maximum oscillation angle of the Balance (initial tentative value for “basic model” = 270°=(3/2)π [rad] 
=4.7124 [rad])  
ρ, density (mass)  
𝜔𝜔 bmax= maximum real rotational speed of the Balance 74.0224 [rad/s]  
𝜔𝜔0, own rotational speed of the Balance (=2𝜋𝜋/𝑇𝑇) , 15.858 [rad/s]  
𝜔𝜔𝑑𝑑, rotational speed of wheel [rad/s] 
 
 

 

 

AAPPENDIX 1: Text of the Patent (EPO) for the Coaxial Escapement (George Davies) 
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